A detailed understanding of the structure of ordered intermetallic systems is difficult at best, causing a serious disconnect in the typical process-structure-properties approach to alloy development. Basic information, like the site substitution schemes of various alloying elements, partitioning behavior in multiphase alloys, and the dependence of these phenomena with concentration and higher order alloying additions is necessary to predict and understand the effect of various alloying schemes on the physical and mechanical properties of a material. It is only recently that theoretical methods can begin to provide useful insight in these areas, as most current techniques suffer from strong limitations including the type and number of elements that can be considered and the crystallographic structure of the resulting phases. The Bozzolo-Ferrante-Smith (BFS) method for alloys was designed to overcome these limitations, with the intent of providing a useful tool for the theoretical prediction of fundamental properties and the structure of multi-component systems. The role or potential contributions of theoretical procedures like the BFS method to the alloy design process are discussed with a specific emphasis on work that has been conducted on NiAl-based alloys. After a brief description of the method and its range of applications, we will concentrate on the usefulness of BFS as an alloy design tool. The theoretical determination of site substitution schemes for individual as well as collective alloying additions to NiAl, the resulting behavior with respect to solubility limits and second phase formation, and the concentration dependence of the lattice parameter will be demonstrated.
INTRODUCTION
The calculation of the energetics of an arbitrary alloy system has proven to be a difficult but unavoidable task. Especially if substantial progress in a theoretical (non-empirical) approach to alloy design is to ever become a reality. First-principles calculations have been successful in handling binary and a few ternary systems, providing detailed information on essential features. However, examination of practical engineering materials would require the analysis of systems with at least three, and in the case of some materials like superalloys, 10 or more elements, with the complication of second phases and an occasional need to determine interfacial and surface properties. These types of 'real-world' problems are beyond the computational ability of first principles techniques. But recent development of powerful semiempirical methods, designed to efficiently deal with large and complex systems, greatly enhances the possibility that such techniques will some day be commonly used in alloy design and analysis.
Recently, Bozzolo, Ferrante and Smith (BFS) introduced such a method [1] , with a sound physical foundation and minimum need for parameterization, which is free of many of the constraints that have prohibited the use of other theoretical techniques to the application of practical problems. For example, the BFS method is not constrained by the number or type of elements considered, the crystal structure, or even the presence of multiple phases. We will demonstrate the versatility of this technique and its potential as an alloy design tool by applying the BFS method to the energetic analysis of 3-, 4-and 5-element systems, including the interaction between simultaneous alloying additions and their influence on the microstructure of NiAl-based alloys.
The B.F.S. Method
Since its inception a few years ago, the BFS method has been applied to a variety of problems, ranging from bulk properties of solid solution fcc alloys [2] and the defect structure in ordered bcc alloys [3] to more specific applications like the energetics of bimetallic tip-sample interactions in an atomic force microscope [4] , and detailed studies and simulations of surface alloys [5] , providing a foundation for the work presented in this paper.
In what follows, we provide a brief description of the operational equations of BFS. The reader is encouraged to seek further details in previous papers where a detailed presentation of the foundation of the method, its basis in perturbation theory and a discussion of the approximations made are clearly shown [1] .
The BFS method provides a simple algorithm for the calculation of the energy of formation of an arbitrary alloy (the difference between the energy of the alloy and that of its individual constituents). In BFS, the energy of formation is written as the superposition of elemental contributions of all the atoms in the alloy For each atom, we partition the energy into two parts: a strain energy and a chemical energy contribution. The first specifically relates to the atomic positions of the neighboring atoms to atom i, regardless of their chemical identity. For its calculation, we use the actual geometrical distribution of the atoms surrounding atom i, computed as if all of its neighbors were of the same species as atom i. In this sense, the BFS strain energy differs from the commonly defined strain energy in that the actual chemical environment is replaced by that of a monoatomic crystal. Its calculation is then straightforward, even amenable to first-principles techniques. In our work, we use Equivalent Crystal Theory (ECT) [6] for its computation, due to its proven ability to provide accurate and computationally economical answers to most general situations. In all cases considered in this work, a rigorous application of ECT is reduced to that of its two leading terms, which describe average density contributions and bond-compression anisotropies. We neglect the three-and four-body terms dealing with the bond angle and face-diagonal anisotropies.
The chemical environment of atom i is considered in the computation of the BFS chemical energy contribution, where the surrounding atoms maintain their identity but are forced to occupy equilibrium lattice sites corresponding to the reference atom i. Building on the concepts of ECT, a straightforward approach for the calculation of the chemical energy is defined, properly parameterizing the interaction between dissimilar atoms.
Thus defined, the BFS strain and chemical energy contributions take into account different effects, i.e. geometry and composition, computing them as isolated effects. A coupling function, g, restores the relationship between the two terms. This factor is defined in such a way as to properly consider the asymptotic behavior where chemical effects are negligible for large separations between dissimilar atoms. Summarizing, the contribution to the energy of formation of atom i is then The strain energy contribution is obtained by solving the ECT perturbation equation
where N and M are the number of nearest-and next-nearest neighbors respectively, and where p, l, ␣ and are ECT parameters that describe element i (see Ref. 6 for definitions and details), r denotes the distance between the reference atom and its neighbors, S(r) describes a screening function [6] and the sum runs over nearest and next nearest neighbors. This equation determines the lattice parameter of a perfect, equivalent crystal where the reference atom i has the same energy as it has in the geometrical environment of the alloy. R 1 and R 2 denote the nearest-and next-nearest neighbor distances in this equivalent crystal.
Once the lattice parameter of the (strain) equivalent crystal, a S , is determined, the BFS strain energy contribution is computed using the universal binding energy relation of Rose et al. [7] , which contains all the relevant information concerning a single-component system: where E C is the cohesive energy of atom i and where the scaled lattice parameter a S* is given by where q is the ratio between the equilibrium Wigner-Seitz radius and the equilibrium lattice parameter a e . The BFS chemical energy is obtained by a similar procedure. As opposed to the strain energy term, the surrounding atoms retain their chemical identity, but are forced to be in equilibrium lattice sites of an equilibrium (otherwise monoatomic) crystal i. ), where the scaled lattice parameter a S* is defined in Eq. (5) . In this work we used the BFS interaction parameters ⌬ determined following the procedure outlined in Ref. 4 . These parameters are obtained from first-principles, all-electron, density functional calculations of the elemental constituents and ordered binary compounds of these elements. The particular implementation used was the Linear-Muffin-Tin Orbitals (LMTO) method [8] in the Atomic Sphere Approximation. In order to provide parameters for the BFS method, we need to calculate the equilibrium properties of the elemental solid in the same for any other calculation involving any alloy of that symmetry, requiring no further adjustment or replacement. The pure element parameters a e , E c , l, ␣, and the BFS parameters ⌬ AB and ⌬ BA for every pair of elements used in this study are listed in Refs. 3 and 9.
RESULTS AND DISCUSSION

Binary Alloys -Defect Structure of B2 NiAl
A previous application of the BFS method to the analysis of the zero-temperature defect structure of binary NiAl alloys successfully reproduced the defect structure of this compound as a
function of stoichiometry [3] . This initial study provided confidence in the authenticity of the parameters used for the NiAl system, which once determined, remained the same for any further analysis based on this B2-ordered system.
For our analysis of binary NiAl, a large number of atomic configurations describing different defect structures were defined based on a 72-atom cell, and then their energy computed using the BFS method. By creating this catalogue of possible defect structures, the lower energy ground state configurations for each composition can be determined (if included in the catalogue) along with a series of possible metastable structures (those configurations with energies close to that of the ground state). For the case of non-stoichiometric B2 NiAl, this approach indicates that Ni-rich NiAl alloys are essentially substitutional in nature, whereas Al-rich alloys are characterized by the presence of vacancies primarily in Ni but also in Al sites [3] . Both results are in excellent agreement with recent experimental results [10] . Fig. 1 shows a comparison of experimental and BFS theoretical results for the concentration dependence of the lattice parameter and density for the B2 phase field of NiAl. The calculated lattice parameter of the lowest energy configurations for each composition reproduced the experimental results quite accurately, particularly for Ni-rich NiAl alloys.
Ternary Alloys -Single Alloying Additions to NiAl
The set of configurations used for analyzing single or higher order alloying additions covers almost every possible substitutional scheme for a wide range of concentrations, including a large variety of possible short-and long-range ordering patterns. A subset of this catalog containing some simple configurations (appropriate for low concentration levels of the alloying addition), which correspond to possible site preference schemes is shown in Fig. 2 . The energy of formation of these configurations, computed for various ternary additions by the BFS method, is shown in Fig. 3 as an 'energy spectrum', graphically displaying the relative probability of each possible defect, as a function of alloying addition and site substitution pattern.
In this paper, we will concentrate on Ti, Cr and Cu additions for further analysis and discussion. From the calculations, it is seen that Ti preference for Al sites is dominant. It is precisely this marked preference for Al sites that explains the ordering pattern seen at low Ti concentrations: Ti atoms tend to locate themselves at opposite corners of the cube in the Al-sublattice, so that they always have Al atoms as second neighbors. This local ordering of Ti is indicative of Heusler formation. It is seen that among the large number of atomic distributions included in the catalogue, those states char- acterized by Heusler ordering become energetically favored around 5 at.% Ti, with the energy gap between configurations with Heusler ordering and the next closest one in energy widening beyond that concentration. This information can be taken as an indirect way of determining the solubility limit of Ti (~ 5%) in NiAl. Beyond this value, Heusler precipitates form. The calculated lattice parameter of 0.5828 nm of the Ni 2 AlTi phase from the x Ti =25 calculations is in excellent agreement with the reported experimental value of 0.5876 nm. Thus, based solely on BFS calculations, the lattice mismatch between NiAl and Ni 2 AlTi is found to be 1.7%, very close to the 1.5% misfit obtained experimentally via TEM [12] . This type of information (site substitution schemes, solubility limits, lattice parameter and lattice mismatch) is useful information in terms of alloy design and can be manipulated theoretically to optimize one or more of these properties, substantially reducing the number of experimental runs. Cr additions are also likely to partition to the Al sublattice, although the energy gap between substitution in Al sites of Ni sites is not as large as that found for Ti. In addition, it is observed that Cr preference for Al sites diminishes with increasing Cr concentration (i.e., the energy gap narrows), developing a tendency to segregate to adjacent Al and Ni planes. This can be taken as a tendency towards the formation of Cr precipitate where Cr atoms occupy both types of sites in the bcc lattice. A similar analysis, using the same catalogue of atomic configurations as that used for Ti additions, shows that the solubility limit of Cr in NiAl is quite low, at approximately 2%, and that beyond that concentration ␣-Cr precipitates form. Previous work by Cotton et al. [13] has demonstrated the low solubility of Cr in NiAl. The site preference scheme also indicates the tendency for displaced Ni atoms to form an interphase boundary between the NiAl matrix and the ␣-Cr precipitate in some cases.
Cu additions also display preference for Al sites, but with a very small energy gap relative to those seen for Ti and Cr. In this case, due to the nature of the Ni-Cu and Al-Cu bonds created, a different behavior is observed, where Cu atoms remain in solid solution in the NiAl matrix. Fig. 4 summarizes the Ti, Cr and Cu results in terms of Monte Carlo simulations using BFS for the calculation of the energy [14] of NiAl+X (X = Ti, Cr, Cu) alloys. The 1024-atom computational cell, originally displaying a random distribution of the constituents, is slowly cooled and allowed to stabilize at each temperature step until an equilibrium state is reached. The three different kinds of behaviors (formation of an ordered ternary phase (Ti), formation of a mostly monoatomic precipitate (Cr), and the alloying addition with a high solubility in the NiAl matrix (Cu)) are clearly seen in Fig.  4 . These results, together with the previous static calculations, raise the necessary confidence in the parameterization of Ni, Al, Cr, Cu and Ti to model more complicated stems. We can now investigate quaternary alloys composed of these elements concentrating on the effect of alloying interactions on site preference and their influence on the resulting microstructure of the alloy.
Quaternary Alloys
We can now exploit the transferability of the parameters determined for Ni, Al, Cr, Cu and Ti and use them to study higher order alloys. In combining two different alloying additions, the behavior of the individual elements established in the previous section may or may not be affected by the presence of a second addition. It is a simple task to expand the catalogue of configurations used for single additions to include atomic distributions for this situation (a small sample of configurations is shown in Fig. 5) . As done before, we can better visualize the behavior and interaction between pairs of alloying additions and their effect on the structure of NiAl by constructing an energy spectrum as shown in Fig. 6 . The goal is to investigate the changes in behavior of each alloying addition due to the presence of another.
The site preference scheme shown in Fig. 6 for Cr additions to NiAl-Ti alloys indicates that the preference of Ti for Al sites is still the dominant behavior. For stoichiometric NiAl+(Ti,Cr) alloys, Ti and Cr tend to substitute for Al and Ni respectively, emphasizing the weak preference of Cr for Al sites in the ternary case. The energy differences for Cr additions to Heusler (Ni 2 AlTi) alloys also indicate that Cr will have little influence in altering the individual behavior of Ti [15] . As a result, it is reasonable to expect little interaction between Ti and Cr atoms. Therefore, each element would be expected to retain its individual behavior as seen in the ternary case, with Ti (depending on its concentration) forming Heusler precipitates and Cr creating ␣-Cr precipitates. However, the site substitution schemes also suggest some possible additional features: antistructure Ni atoms (in Al sites) and the possible creation of a Ni-rich phase due to the displaced Ni atoms.
A Monte Carlo/BFS simulation of a Ni-Al-Ti-Cr alloy shown in Fig. 6 of Ref. 9 is consistent with the behavior extracted from the site preference calculations. Besides the expected formation of ␣-Cr and Heusler (Ni 2 AlTi) precipitates, several antistructure Ni(Al) atoms and clustering of Ti atoms around these antistructure atoms is observed.
Cu additions to NiAl+Ti alloys affect the energy of the alloy as seen in Fig. 7 . Here, the site preference of Ti in NiAl and Cu in NiAl are compared to the energy spectrum corresponding to the KK9.1.7 two simultaneous additions. Both elements maintain preference for Al sites. The Ti levels are mostly unaffected by the presence of Cu atoms, which could be interpreted as an extremely weak interaction between the two alloying additions: there is a level reversal of Cu substitutions depending on the type of Ti substitution present. However, Ti(Ni)Al substitutions are very unlikely to be found. Therefore, the addition of Cu and Ti to NiAl is characterized by two mainly separate behaviors: Ti forms Heusler precipitates at about the same solubility limit as that found in ternary Ni-Al-Ti cases, and Cu is in solid solution in the NiAl matrix, with a preference for Al sites.
Monte Carlo/BFS simulations for a Ni-43Al-5Ti-2Cu alloy also indicate that the presence of Cu atoms does not alter the behavior of Ti in NiAl at low concentrations, consistent with the energy diagrams shown in Figs. 3 and 6 (see Figs. 6 and 7 in Ref. 14 for Monte Carlo simulation results). A comparison between the changes in the Ti spectrum due to Cu or Cr additions is shown in Fig. 8 . Based on our previous discussion, there seems to be a weak interaction between these particular alloying additions, as none is capable of noticeably changing the individual behaviors of each element.
Pentalloys
While constraining the set of configurations to bcc-based structures proved to be sufficient in describing the NiAl based ternary and quaternary alloys discussed in previous sections, such a radical constraint might prove to be too restrictive when studying higher order systems. Any information obtained within this framework is therefore limited and should be interpreted and analyzed as such. In spite of this fact, it is still of interest to compare the behavior of alloys composed of all five elements, Ni-Al-Ti-Cr-Cu, with respect to their behavior in the 3-and 4-element alloys. In the future, this constraint on structure will be lifted, since it is only a matter of computational efficiency and not an inherent problem with the BFS method itself.
The study of substitutional site preference for 5-element alloys as a function of concentration is obviously much more involved than that for the simpler systems introduced here, and exceeds the scope of this paper. However, it should be noted that no additional input is required by BFS to tackle this task, as the parameters used in the 5-element alloy calculation are the same ones used in the previous examples and listed in Ref. 14. Studying such fundamental issues as site preference in these higher order systems amounts to just a larger set of possible configurations with only a slight increase in the computational effort involved. However, we have analyzed a 5-element alloy using Monte Carlo methods and calculating the energy steps by BFS. The results, shown in Fig. 8 of Ref. 9 for a Ni-22.56Al-9.47Ti-33.5Cr-1.95Cu alloy, contain a wealth of information regarding the behavior of the five elements in such a reduced computational cell.
Basic features observed in Fig. 8 of Ref. 9 include the formation of a NiAl matrix filled with Ni 2 AlTi precipitates as well as the presence of ␣-Cr. This behavior is not surprising in view of the results obtained for the quaternary cases and the low concentration of Cu. However, something unusual is observed with the Cu atoms in the presence of Ti and Cr. In Ni-Al-Ti-Cu alloys Cu atoms favored the formation of short-range order patterns occupying Al sites in Ti-Al rich planes, but in the pentalloy, Cu tends to segregate to the NiAl/Cr interphase. In fact, these features, including Cu enrichment at the NiAl/Cr interface, have been verified by recent TEM studies by Wilson and Howe [16] .
CONCLUSIONS
The results in this study represent a brief survey of the general effect of different alloying additions on the structure of NiAl and the method by which such factors can be modeled. In doing so, we have subjected the BFS method to severe tests of its validity. Based on available experimental evidence, the method passed these tests both quantitatively and qualitatively First, the correct solubility limit was predicted for both the NiAl+Ti and NiAl+Cr systems. The correct structure of the second KK9.1.9
Figure 8-Monte Carlo results for a Ni-22.56Al-9.47Ti-33.5Cr-1.95Cu alloy showing the final state at room temperature. For a color version of this figure, see [17] phase particles was predicted for both cases, as well as the lattice mismatch between the alloy matrix and the precipitating phases. Site preference schemes were computed for the binary, ternary and quaternary systems studied. Based on these results, the study included predictions of the phase structure of quaternary and 5-element systems. Furthermore, we have shown that first-principles input can be used to generate needed parameters, thus removing the reliance on experimental data bases for input parameters. These results show that most of the necessary tools for a purely analytical alloy design approach are now within reach. The results also provide confidence in the BFS technique, the authenticity and transferability of the parameters used, and the approach used for obtaining these parameters (by purely theoretical first-principles calculations). Future applications will be focused towards integrating the role of techniques such as BFS in the material design process.
